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Abstract 


In this paper, we discuss a system of differential equations for the 
Fisher integral on the special orthogonal group. Especially, we explicitly 
give a set of linear differential operators which generates the annihilating 
ideal of the Fisher integral, and we prove that the annihilating ideal is 
a maximal left ideal of the ring of differential operators with polynomial 
coefficients. Our proof is given by a discussion concerned with an annihi¬ 
lating ideal of a Schwartz distribution associated with the Haar measure 
on the special orthogonal group. We also give differential operators anni¬ 
hilating the Fisher integral for the diagonal matrix by a new approach. 
Keywords. Fisher integral, Haar measure. Special orthogonal groups. An¬ 
nihilating ideal. 


MSG classes: 33E20, 16S32 

1 Introduction 

We denote by SO{n) the special orthogonal group with size n, i.e., 


SO{n) = {yG | y^y = e,dety = 1} . 


Here, y^ is the transpose of y and e is the identity matrix. The Haar measure 
/i on SO{n) is a probability measure on SO(n) which satisfies the equation 


f{a^y)y{dy) = f f{y)y.{dy) 



for arbitrary continuous function / on SO(n) and any a G SO{n). The Fisher 
integral on the special orthogonal group is an integral with n x n matrix pa¬ 
rameter X given by 



The Fisher integral is the normalizing constant of the Fisher distribution 
which is discussed in |^. Numerical calculations of the normalizing constant is 
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very important in the point of view of applications in statistics and the holo- 
nomic gradient method (HGM) has been applied to such problems. For example, 
see H, a, [TO], and jSj- TO order to apply the HGM, we need theoretical con¬ 
sideration of differential equations for each problem. In the case of the Fisher 
integral, [5] gives a system of differential equations for the Fisher integral and 
they conjectured that the system induces a holonomic ideal. We prove their 
conjecture positively in this paper. Furthermore, we also prove that this holo¬ 
nomic ideal is an maximal left ideal of a Weyl algebra and consequently it is the 
annihilating ideal of the Fisher integral. 

In order to show these results, we consider a Schwartz distribution which 
is associated with the Haar measure on the special orthogonal group. We ob¬ 
tain a generating set of the annihilating ideal for the Fisher integral from the 
annihilating ideal of the Schwartz distribution. 

In the application to statistics, differential equations for the Fisher integral 
in the diagonal case is more important. Actuary, we need a holonomic system 
for the function 



Ini, a system of differential equations for f{x) was obtained from a differential 
equation for the matrix hypergeometric function qFi. It is also proved that 
differential operators 



annihilates f{x) in the case where n = 3. We give these system of differential 
equations by a new approach in our paper. 

The construction of this paper is as follows. In Section [5] we review the 
basic notions of Weyl algebra and give some lemmas, which we need in the later 
section. In Section [3] we give a definition of a distribution associated with the 
Haar measure on SO{n). And we give an generating set of the annihilating ideal 
of the distribution. In Section [d] we give an generating set of the annihilating 
ideal of the Fisher integral. We also give a system differential equations for the 
Fisher integral in the diagonal case by a new approach. 


2 Weyl Algebra 


In this section, we review basic notions in the theory of algebraic analysis, and 
give a lemma concerning characteristic varieties and maximal ideals which we 
need for a calculation in the later section. 

In the first, we review some notions in algebraic geometry. Let n be a natural 
number. We denote by a: = {xi,... ,x„) the standard coordinate of the affine 
space X := C". Let C[x] := C[xi,..., Xn] be the polynomial ring with variables 
xi,... Xn- A subset of the space X is called an algebraic set if it can be written 
as 


V(/i,...,/fc) :={a=(ai,...,a„)GX:/i(a) 


fk{a) = 0} 
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by finite polynomials G C[x]. Any ideal / of the polynomial ring C[a;] 

defines an algebraic set: 

V(/) := {a = (ai,..., a„) G X : /(a) = 0, / G /} (1) 

On the other hand, for any algebraic set V C C”, we can obtain an ideal of 

C[x] by 

1(F) := {/ G C[x] : /(x) = 0, x G F}. (2) 

An algebraic set F is said to be irreducible if it satisfies the following property: 

if there exist two algebraic set, Fi and F 2 , such that F = Fi U F 2 , then we have 
F = Fi orF = F 2 . 

For an algebraic set F, the Krull dimension of F is the supremum of the 
length k of strictly increasing sequence of irreducible algebraic sets such that 


Fi C ... C Ffc c F 


For any ideal I C C[x], the Krull dimension of V(J) is equals to the degree of 
the Hilbert polynomial of I (for example, see e.g. [5]). Algorithms computing 
Krull dimensions for given algebraic set are given in [3] . In the section [3] and SI 
we utilize the methods for computing Krull dimension in this book. 

In the next, we review the basic notions of the Weyl algebra. Let us consider 
the ring of partial differential operators with polynomial coefficients Dx '■= 
C{xi,di : i = Here, we put di := dfdxi{i = 1,... ,n). It is also 

called the Weyl algebra The Weyl algebra Dx naturally acts on the space of 
the smooth functions on A, the space of the Schwartz distributions on A, and 
so on. When / is a smooth function or a Schwartz distribution on A, we denote 
by p • / the function which is given by applying a differential operator p G Dx 
on /. We call a left ideal 


{p e Dx : p • f = 0} 

in Dx the annihilating ideal of /, and denote it by Ann(/). 

Any element p of Dx can be written uniquely as the form of a finite sum 
p = '^Capx°‘d^ {Cap G C). Here, a,f3 £ Z"q are multi indices, and x°‘d^ = 
n"=i ■ For multi index /3 G Z"g, we put |/3| = Yll=i Pi- For a differential 

operator p = '^Capx°‘d^ G Dx, we put an element in(op)(p) of a polynomial 
ring C[x,^] := C[xi,^i : f = I, ... ,n] as 

in(o,i)(p) = X! (m = max{|/3| : c „/3 0}). 

|/3|=m 

For a left ideal I of Dx, we call an ideal of C[x, defined by 

{in(o.i)(p) : P G /} 

the characteristic ideal of I, and denote it by in(op)(/). 


3 


The characteristic variety of I is the algebraic set V(in(o,i)(/)) C X x S 
defined by the characteristic ideal in(o,i)(/). Here, S := C" and we denote by 
^ = (^ 1 ,..., ^n) the standard coordinate system of the space S. When I ^ Dx, 
the Krull dimension of the characteristic variety of I is not less than n (The 
Bernstein inequality mm)- When the Krull dimension of the characteristic 
variety equals to n, the left ideal I is said to be holonomic. 

For calculations in the later sections, we prepare the following lemma con¬ 
cerning with characteristic varieties and maximal ideals: 

Lemma 1. If left ideals I and J of Dx satisfies I Q J, then we have in(Q i)(/) C 
in(o,!)(•/)■ 

Proof. In this proof, we utilize the theory of Grobner basis (for example, see 
e.g., m)- Let polynomials pi,... ,pk form a Grobner basis of I with respect 
to the order <:=<(op). Since the left ideal J is strictly larger than I, we can 
take p G J — I. Since p is not included in J, we obtain the remainder r ^ 0 
after division of p by pi,... ,pk. By replacing p to the remainder r, we can 
assume in<(p) ^ in<(/) without loss of generality. On the other hand, we have 
in<(p) £ in<(J) by p £ J. Therefore, in<(J) is strictly larger than in<(/). 
Suppose in( 04 )(/) = in(o,i)(T). For arbitrary / £ in<(J), there exists p G J 
such that in<(p) = /. Since we have in(o,i)(p) £ in(o,i)(T) = in(op)(/), there 
exists q G I such that in(o^i)(g) = in(Q i)(p). Here, we have 

in<(g) = in<(in(o,i)(g)) 

= iii<(in(o,i)(p)) 

= in<(p) = /. 

This contradict that in<(J) is strictly larger than in<(/). Therefore, we have 
in(o,i)(/) C in(o,i)(J). □ 

Lemma 2. Suppose a left ideal I C Dx is holonomic. Then I is a maximal 
left ideal of Dx */in(Q i)(J) is a prime ideal. 

Proof. This proof will be by contradiction. Suppose the left ideal / C Dx is 
not maximal, then we have I = Dx or there exists a left ideal J such that 
/ C J C Dx. In the case of / = Dx, the characteristic variety is the emptyset. 
This contradict that / is a holonomic ideal. Hence, the left ideal J exists. By 
lemma [H in(o^i)(J) is strictly larger than in(Q i)(/). Since in(Q i)(/) is a prime 
ideal, \/in(o,i)(/) equals to in( 04 )(/). And this implies 

yin(o,i)(^) = in(o,i)(/) C in(o,i)(J) C yin(o,i)(J). 

Hence, we have \/in(op)(/) C Y^in(o_i)(J). By the Hilbert’s Strong Nullstel- 
lensatz, we have I(V(in(o^i)(/))) C I(V(in(op)(T))). Here, we use the nota¬ 
tions of ([T]) and ([2]). By [3 Ghapterl, Sectiond, Propositions], V(in(o_i)(/)) 2 
V(in(o_i)(J)) holds. Let V and W be the characteristic varieties Dx/I and 
Dx/ J respectively. By the above arguments, we have F A IF. Since in(o,i)(/) 
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is a prime ideal, V is an irreducible algebraic set. By the Bernstein inequality, 
the Krull dimension of W equals to n. Hence, there exist irreducible algebraic 
sets Wi{i = such that Wi C ...,C Wn C W. Adding V to the 

sequence, we obtain a strictly increasing sequence Wi C ..., C Wn C V of 
irreducible algebraic sets with length n + 1. However, this contradict that the 
dimension of V equals to n. □ 

The Fourier transformation JF (resp. the inverse Fourier trans formation 
J-~^) for differential operators is a morphism of C-algebra form Dx to Dx 
defined by 

= -di, fF{di) = Xi, 

fF~^{xi) = di, T~^{di) = -Xi. 

Since the Fourier transformation is an isomorphism of C-algebra, we have the 
following lemma: 

Lemma 3. If a left ideal I C Dx is maximal, then 

ni) = {-^(p) \p&i} 

and 

t-\i) = {d-\p)\pgi} 

are also maximal left ideals of Dx ■ 

3 Distribution associated with Haar Measure 

In this section, we review the Haar measure on the special orthogonal groups, 
and define a Schwartz distribution associated with this Haar measure. Let n be 
a natural number, H be a set consisting of n x n matrices whose components 
are real numbers. For 1 < i, j < n, let yij be a function from Y to R. For each 
point y in Y, yij corresponds to (i, j)-component of y. The functions yij give a 
local coordinate system of Y. 

The following relations define a submanifold of Y: 

y^y = e 
defy = 1, 

Here, y^ denotes the transpose of y and e denotes the identity matrix. By the 
product of matrices, this submanifold defines a Lie group. This Lie group called 
the special orthogonal group, and denoted by SOn- 

On the special orthogonal groups, there uniquely exists the measure y which 
satisfies the following properties: 

f fiy)p{dy)= f f{z^y)y{dy) f G C°^{SOn), z G SOn 
JSO„ JSOn 

[ y{dy) = 1 

JSOn 
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Here, we denote by C°°{SOn) the set of continuous functions on SOn- We call 
the measure ^ the Haar measure on the special orthogonal group. 

Let us define a Schwartz distribution on the space Y associated with the Haar 
measure ^ on SOn- We denote by C^{Y) the set of continuous functions on Y 
with compact supports. For a function / on Y, /|so„ denotes the restriction of 
/ to SOn- The map from the functional space C^lY) to R defined by 

J f\soJy)Kdy) (tpeC^iY)) 


gives a Schwartz distribution on Y. We denote this distribution by the same 
notation fi. 

We denote by Dy ■= C{yij,dij ■ 1 < i,j < n) the ring of differential 
operators with polynomial coefficient with variable yij (1 < hj Si n). Here, we 
put dij := d/dyij- The annihilating ideal Ann(/i) of the distribution /r on F is a 
left ideal of Dy. In this section, we explicitly give a set of differential operators 
which generates the annihilating ideal Ann(/i). The first step for this purpose 
is giving some differential operators which annihilate the distribution y. The 
second step is studying the properties the ideal I generated by these differential 
operators. By these properties, we prove I — Ann(/i). 


Lemma 4. The following differential operators annihilate /r. 


n 


^ ykj^ki) 

{l<i<j<n) 

(3) 

k^l 



^ ^ ykiykj^ij 

^yikyjk {^<i<j<n) 

(4) 

k^l 

k^l 


1 — det y 


(5) 


Here, Sij is the kronecker’s symbol. 


Proof- Let Lp he a smooth function on Y with compact support. Since the 
functions (|4]) vanish on SOn, we have 


dij 'y ^ ykiykj 


k=l 




n 

y ^ ykiykj 

k=l 





(p{y)y{dy) = 0. 


Hence, the differential operator (HI annihilates /r. Analogously, we can prove 
([5|) annihilates /i. 

Let Eij {1 < i < j < n) he a n X n matrix whose {k,£) element is SikSjg — 
djkdu, and c(t) = expltEij) for t G R. For a smooth function /(y) on Y, we 
denote Rc{t)fiy) = f{y ■ c{f)). Let Vij be a vector field on Y defined as 


iv^j)yf 


dRc(t)f 

dt 


(y) 

t=o 


(y G r, / G C^{Y)). 
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It is easy to show that 


'^ij — ^ ykj^ki)- 

fe=l 


( 6 ) 


Note that the differential operator dij = d/dyij can be regarded as a vector 
field on Y. Since the measure /i is right invariant under SOm we have 


^ '^ yik^jk yjk^ik ') ^ ^ {yik^Jk yjk^ik'jy^ 


U=l 


IS On 


Is On 


k=l 

{vij‘p)iy)y{dy) 


dRc{t)y> 


dt 


{y)y.{dy) 


t=o 


= — lim 


ip{yc{t)) - y){y) 


t —^0 


SOr^ 


fi{dy) 


= 0 . 


Hence, the differential operator ([3]) annihilates y,. □ 

Let / be an ideal generated by the differential operators (ED,®, and ®. By 
lemma|4l we have / C Ann(/i). For the opposite inclusion, it is enough to prove 
the following proposition: 

Proposition 1. The left ideal I is a holonomie ideal, and the characteristic 
ideal of I is a prime ideal. 

In fact, by this proposition and lemma [2l the left ideal / is a maximal ideal 
of Dy. Since Ann(/r) ^ Dy, we have / = Ann(/r). 

Let J be an ideal of the polynomial ring C[j/,^] := : 1 < i,j < n] 

generated by 0,® and 


^{Vki^kj - Vkj^ki) {^<i<j<n). 

k^l 


Obviously, J C in(o,i)(-I) holds and we have V(J) D V(in(o,i)(/))- Now, let us 
suppose J is a prime ideal and the Krull dimension of V (J) equals to n x n. By 
the Bernstein’s inequality, the Krull dimension of V(in(Q i) (/)) is not less than 
n X n. Then, we have V(J) = V(in(Q By the Strong Nullstellensatz, 

we have \/j = y^in(Q ]^)(/). Here, utilizing the assumption that J is prime, 
we have J = \/j. Consequently, we have J = •\/in(op)(/) D in( 04 )(/). Hence, 
J = in(o,i)(/) holds. This shows that the Krull dimension of V(in(oq)(/)) equals 
to n X n, i.e., the left ideal I is holonomie and the ideal in(o_]^)(J) is prime. 

In order to prove proposition [I] it is enough to show the following two 
statement: J is a prime ideal and the Krull dimension of V(J) equals to n x n. 
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For this purpose, we define an ideal J' such that C[y,^]/J = C[y,^]/J', and 
show that J' is prime and the Krull dimension of V(J') equals to n x n. 

Let J' be an ideal of generated by (jl]),®, and 

Cb “ (1 < * < j < n). (7) 

Lemma 5. The quotient ring C[y, ^]/J is isomorphic to C[y, ^]/ J' as C-algebra. 

Proof. Define C-algebra homomorphisms </) : C[y, ^] —>■ C[y, and ip '■ C[y,^] ^ 
C[j/,C] as 


4’{yij) ~ Uij t ~ ^ ^ yikf,kj (1 ifj ^Tl), 

fc=l 

n 

i’iyij) = yi], ipi^ij) = X! yki^kj (1 <ij < n). 

k^l 

By some calculations, we can prove the following formula: 

/ n \ n / n \ 

4^ j ^ ykj^ki') I ^ij ^ji ^ ^ f ^ ^ VkilJki 1 

/ \ k^l J 

n / n \ 

+Z! “ Z! Vkjyke j f.£i 
e=i \ k=i ) 

n 

4^ ~ ~ '^^{Vki^kj ~ Ukj^ki) 

A.-1 

n / n \ 

d’'0(Cb) “ ~ 'y I ~ ^ ^ ykiyki j 


\k=l 


k=l 


V’0(Cb ) — ^ ^ ^ji I ^ ^ yikyik 

\ fe=l / 


( 8 ) 

(9) 

( 10 ) 

( 11 ) 


Let Pi : C[y,£\ -)> C[y, ^]/J (pi(/) = /) and p 2 : ^ C[y, ^]/J'(p 2 (/) = 

/) be the projections, then we have ker(p 2 <(>) = J and ker(pi'0) = J'. In fact, 
ker(p 2 <)') D J follows by ([5]), and 'kerl^piip) D J' follows by Let / G ker(p 2 'i^’), 
then we have (p{f) G J'. By ([9]), we have ip(p{f) G J. Since we also have 
/ — ip(p{f) G J by (fTT|) . / is an element of J. Hence, ker(p 2 <)>) = J holds. 
Analogously, if we take / G ker(pi-0), then ip{f) is an element of J. The 
equation ([8]) implies tpfpif) G J'. The equation (ITIll) also implies f — (pip{f) G J', 
and we have f G J'. Hence, ker(pi^) = J' holds also. 

By the isomorphism theorem, we have two morphisms, C[y, £\/J ^[y, J' 
and C[y,^]/J' —>■ C[y,^]/J. We can show by some calculations that their com¬ 
positions equal to the identity morphisms. □ 


In order to prove that the ideal J' is prime, we utilize a tensor product of 
C-algebras. The following lemma is well known: 


Lemma 6. Let C[x\ := C[xi,... ,Xn], C[y] := C[yi,... ,ym], and C[x,y] := 
C[xi,... ,Xn,yi, ■■■ ,ym] be polynomial rings. And we denote by li : C[a;] —>■ 
C[a;,j/] and L 2 '■ C[?/] —?> C[x,y] the immersion maps. Let Ii and L 2 be ideals of 
C[a;] and C[y] respectively. Then, there exists the following isomorphism: 

C[x]/Li (g)c C[y]/l 2 = C[x,y]/L (^/ O g iiif)i 2 {g)^ 

where I = C[x,y\ii{Ii) + C[x,y]L 2 {l 2 ). 

Proof, see, e.g., [3 I,§6,Proposition 1.]. □ 

Now, let us compute the ideal J'. 

Lemma 7. The ideal J' is a prime ideal and the Krull dimension of'V{J') 
equals to n x n. 

Proof. In the first, we calculate the dimension of V(J'). Let J{ be an ideal of 
'■ i < i,j < n] generated by the polynomials (|3]) and ([S]). The algebraic set 
V(J{) equals to the special orthogonal group, and it’s Krull dimension is n{n — 
l)/2. Moreover, the ideal ,J[ is prime by [11] pl47.Theorem(5.4c)]. Especially, 
the algebraic set V(J() is irreducible. 

Let J 2 be an ideal of <Lj <n] generated by the polynomials ([7]). 

Let < be a graded lexicographic order which satisfies (1 < * < j < n). 

The polynomials 0 form a Grobner basis of J 2 with respect to the order <. 
Hence, the Krull dimension of V(J{) equals to n(n + l)/2. Besides, the quotient 
ring : 1 < < ?^]/T 2 is isomorphic to a polynomial ring : 1 < i < 

j < n]. In fact, let (p : : 1 < i,j < n]/J 2 —: 1 < i < j < n] and 

^ : 1 < i < j < n] —>■ : 1 < i, j < n]/J 2 be morphisms defined by 

then ipip and ipp are isomorphisms. Since C[^ij : 1 < i j < n] is an integral 
domain, ; 1 < *, j < nJ/J^ is also an integral domain. Hence, J 2 is a prime 
ideal. 

By V(J') = V(J() X V(J 2 ), the Krull dimension of V(J') equals n(n — 
l)/2 + n(n + l)/2 = n^. 

In the second, we show that the ideal J' is prime. Since V( J() and ^{J^) are 
irreducible algebraic sets, their product V(J') = V(J]) x ViJ^) is irreducible 
also. Hence, the coordinate ring C[y,^]/'/j' of V(J') is an integral domain. 
Also, we have an isomorphism between the coordinate rings: 

C[y,i]/Vj^^ C[y]/J[ C[e]/J' {fiy)g{0 ^ 7M® ^) ■ 

By lemma m we have an isomorphism 

C[y]/J[ ®c C[C]/^ C[x,C]/J' (m WMO) ■ 
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These isomorphisms give an isomorphism 

Since this isomorphism implies that C[y,^]/J' is an integral domain, J' is a 
prime ideal. □ 

Therefore, we have the following theorem. 

Theorem 1. The differential operators and generate the annihilat¬ 

ing ideal of the Schwartz distribution y, associated with the Haar measure on the 
special orthogonal group. 

4 The Fisher Integral 

In this section, we use the notations in Section [31 Especially, y denotes the 
Haar measure on the special orthogonal group. For a square matrix a, we put 
etr (a) := exp (tr (a)). 

The following lemma is useful [8]: 

Lemma 8. Let Dn := C(xi,..., Xn,di, • ■ •, 9„) be the ring of differential oper¬ 
ators with polynomial coefficients. Let u be a Schwartz distribution and f be a 
polynomial in C[a;i,... ,Xn]. We put ff := df fdxi. Suppose a left ideal I of Dn 
is holonomic and annihilates u. Then, the left ideal J generated by 

, . . . , Xn 7 /*!; ■ • ■ 7 fn^ 7 • ■ • 7 7 ■ • ■ 7 ^ 

is holonomic and annihilates the distribution e^u. 

The Fisher integral is the following function defined by an integration on the 
special orthogonal group: 

f{x)= [ etT{xy)y{dy) {x G . 

JsO{n) 

Here, x = (xij) is an n x n matrix over the held of real numbers. In this 
section, we explicitly give the annihilating ideal of the Fisher integral f{x) as 
an application of Theorem |TJ 

In [9], it is proved that the Fisher integral f{x) annihilated by the following 


differential operators: 



n 

) (1 < * < j < n) 

(12) 

k^l 



~ ^Xkidxkj: ^ij 


(13) 

k^l 

k^l 


1 — det dx , 


(14) 


Here, we denote by det^a, the determinant of the matrix whose (i.j)-element is 
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Theorem 2. The annihilating ideal of the Fisher integral f{x) is generated by 
the differential operators (dH), (ini), and m- 

Proof. Let / be a left ideal generated by the differential operators dm), (Ull), 
and m- Since the ideal I equals to F ^(Ann(^)) and Ann(/r) is maximal, I 
is also maximal by Lemma [31 By Ann(/) Dx and the maximality of /, we 
have / = Ann(/). □ 

Corollary 1. The left ideal generated by (|12ll . (|13p . and m is a maximal 
ideal of Dx- And this ideal is a holonomic ideal of Dx- 

In application to statistics, the case where the matrix x is diagonal is more 
important. In this case, the Fisher integral is a function with respect to xi,..., 
which are the diagonal elements of x, defined by 



A system of differential equations for dH]) was given in [3]. 

Proposition 2 ([5]). The differential operator 

2 ^ 2 - ^kdxk) - ^ (f = l,...,n) (16) 


annihilates m- 

When n = 3, there are extra differential operators annihilating m- 
Proposition 3 ([9]). When n = 3, the differential operators 

{{i,j,k) = (I, 2, 3), (2, 3,1), (3,1, 2)) 


annihilates m- 

As an application of Theorem [H we give new proofs for Proposition [3] and 
Proposition [31 

Proof of Proposition^^ By Lemma [51 the integrand exp ^iVa) Tidy) is 

annihilated by 

n 

P^3 'y '. {yki^Vki ~ Vkjdyki) ~ yji^j A (1 ^ < J ^ n), 

k=l 

n 

Pij •“ y ', iyikdy.jk — Vjkdy^k) ~ yij^j + VjiXi (1 < * < J ^ Tl), 

k=l 

Qi ■= dxi -yu (I < f < n). 


II 



Here, we regard exp (X^ILi ^iUu) as a Schwartz distribution. Considering 

the elements of 


1 


\ f Pij 


\Xj XiJ \pij 


for 1 < i < j < n, we have that the differential operators 
1 


y^j 


yp 


1 / ” n \ 

( _i_ ^ — T \ 1 ~ ykj^vki) + ^3 '^^{yik^vjk ~ yjkdvik) 1 

(Xi+Xj){Xi Xj) j 

1 / n n \ 

{x + x-){x- — X-) ( “ ykj^Vki) + Xi ''^{Vikdy^k ~ yjkdyik) 1 

annihilate the integrand. Since the differential operator — 1 + X]j=i yfj annihi¬ 
lates the integrand, the differential operator 

C n n \ 

Xi 'y '^ yki^yki ~ ykjdyki) + Xj ^ ', {yik9y-^. — yjkdyik) J 

fe=l fc=l / 

~ + dxi ~ 2 _ 2 ( 'y^Xykjdyki ~ ykjdyf,i) + Xj '^^{Vikdyjk ~ yjkdyik) 

A-Li •k'i ‘kj \ I 1 


also annihilates the integrand. Hence, we have that the operator (HU) annihilates 

(HSl). □ 

Our proof of Proposition [3] utilizes the following well-known formula: for 
n X n regular matrix A and I, J G [n] with |/| = | J|, we have 


^] 7 .j = detH (17) 

Here, I',J' denote the subsets of indices complementary to /, J, and 
denotes the minor of A corresponding to I, J. 

Proof of Proposition^^ We can assume that {i,j,k) = (1,2,3) without loss of 
generalities. Let I = {1,2} and J = {3}. Then the equation (1171) implies that 
the all 3 X 3 special orthogonal matrix A = (aij) satisfies the equation 

det = det ( 033 ) . 

\ai2 022 / ^ ^ 


Hence, the operator 


2/11J/22 — yi2?/2i — J/33 
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annihilates the integrand exp ^iVa) f^i.dy). By the analogous way to the 

proof of Proposition [2 we have that the differential operator 



^vik 2/ifc^y2fc) 2/12 dx3 


yikdy.2k) 1 


+ — - 2 (2/112^2 - y 22 Xi ) 


annihilates the integrand. Hence, the differential operator 



(X2^a:i 


annihilates the integral dTSl) . 


□ 
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